Abstract. In this present study, a food chain system with the disease in pest species and gestation delay for the natural enemy is proposed. Here the boundedness and positivity of the system are studied. Stability analysis for all feasible equilibrium points is carried out. The Hopf bifurcation at interior equilibrium point is presented and analyzed. The sensitivity analysis is performed to find the respective sensitive indices of the variables of the proposed system. Further, simulations have been carried out to support our analytic results.
Introduction
Since pest species are harmful to plants and their control has become a challenge for us. Pest population is responsible for severe environmental and realistic problems. [1, 3] . Also, many authors have discussed the models based on chemical pesticides, which are less harmful to humanity and environment [2, 4, 5, 6, 7] . For productive use of biological or natural methods to manage pest populations, without any adverse effects, it is essential to understand the biology of beneficial species or natural enemy and pests [8] . Our most important aim is to control negative impacts of agriculture pests, for both humanity and agriculture, which harms the environment and generating different types of pollution. Researchers must have to produce, the natural systems to control pests by taking into account the communications between solid Allee effect in pests with natural methods: alternative food support for the natural enemy, introduction of infected pests to control healthy pests [9, 10] The interactions between pests and natural enemies in the same biological environment is an ample exciting area of research as per Lotka and Volterra. Natural enemies are more vulnerable to the infected pest since infectious pest population is weak and less active. Therefore natural enemy efficiently harvests pests. Due to the interaction between infected pests and natural enemy, the natural enemies must be infected. Hence natural enemy populations may live on other food resources for their growth and survival. Also, the species do not grow instantaneously; some time is taken by the species to give a new generation, called gestation lag period [11] . Functional responses play an important role to develop a predator-prey system in population dynamics. Various factors like hiding technique of pests from the natural enemy, shooting ability of the predator to harvest insect, etc., have a large influence on functional responses. Functional responses are of different types:
for example, Holling type I-III, etc. Also, people are more conscious and choose, the modern methods to manage agricultural pests, for example, less harmful chemical pesticides and natural techniques [12, 13, 14, 15, 16] , whereas biological techniques are simple and safer to control pests than pesticide practices. Also time lag factors are of great significance to produce population models and used by numerous authors [17, 18, 19, 20, 22, 23, 24, 25, 26, 27] . According to many authors, models with continuous lag factors are practical [22] than instant delays [27] .
In the light of above literature survey, here, dynamics of a food chain model with infection in pest species and gestation delay for the natural enemy is proposed and analyzed. The model is represented as follows: Section 1, consists of an introduction. The proposed mathematical system is presented, in section 2. In section 3, the boundedness and positivity of the model have been discussed. Equilibrium points and their stability analysis is investigated for possible steady states, in section 4. The sensitivity analysis of the system at interior equilibrium point for system parameters is presented, in section 5. In section 6, numerical simulations have been carried out to support our analytic results. Finally, the results have been concluded in the conclusion section.
The Proposed Mathematical System
The assumptions of the proposed model are:
(i) In a particular habitat, there are four types of populations, namely, plant X(t), healthy pest P h (t), infected pest P i (t) and natural enemyN(t).
(ii) Plants grow logistically with α as the intrinsic growth rate and k being carrying capacity.
Thus, when the system is free from pest population, plants grow with rate αX 1 − X k .
(iii)Plants are harvested by healthy pests with Holling type-I, response function.
(iv) Pests can hide from the natural enemy, hence the natural enemy harvesting pests with Holling type-II response function.
(v) Let β be the predation rate of the plant by healthy pest; β 1 is the conversion rate for healthy pest; γ is the contact rate of infected pest with healthy pest; δ is the harvesting rate of healthy pests by the natural enemy. Let a be the half saturation constant, and δ 1 be the predation rate of the infected pest by the natural enemy. Let δ 2 be the conversion rate for the natural enemy; µ 1 , µ 2 and µ 3 are the natural death rates for healthy pest, infected pest, and natural enemy respectively. Let η be the alternative food resource for the growth of natural enemies. Natural enemies die with rate η 1 due to consumption of infected pest.
(vi) Finally, τ is the gestation delay for the natural enemy.
Keeping in view the assumptions and interactions, our proposed system is of the form:
with initial conditions:
Positivity and boundedness
Here, the positivity and boundedness of solution of the system (1) − (4), is discussed with the help of following lemmas:
Lemma 3.1. The solution of the mathematical system (1) − (4), with non-negative initial populations for all t ≥ 0.
Proof. Let the solution of the proposed system (1) − (4) with non-negative initial populations be (X(t), P h (t), P i (t), N(t)). For t ∈ [0, τ], the equation (1) may be written as:
it follows that
For t ∈ [0, τ], the equation (2) of system can be written as
which evidences that
The equation (3) of model, for t ∈ [0, τ] may be represented as
which implies that
which results that
Clearly, X(t) > 0, P h (t) > 0, P i (t) > 0 and N(t) > 0 for all t ≥ 0, by induction.
where
As alternate food resource η, for natural enemy is limited, so assuming η is small, we have
As t → ∞, we have
Hence, V (t) is bounded, i.e., the proposed system is bounded.
Equilibrium points and their stability analysis
The system of equations (1) − (4) have six feasible equilibrium points:
(i) The equilibrium point E 0 (0, 0, 0, 0) always exists.
(ii) The equilibrium point E 1 (k, 0, 0, 0) exists.
(iii) The equilibrium point E 2 (X 2 , P h2 , 0, 0) exists only when kβ 1 > µ 1 , where
(iv) The natural enemy free equilibrium E 3 (X 3 , P h3 , P i3 , 0) exists only when
Now, the local behavior of non-negative equilibria of the system (1) − (4) is as follows: using the lemmas [11, 28] , for the transcendental polynomials. For the transcendental polynomial equation of first degree of the form
we will verify the following conditions:
Now, we will state the following lemmas similar to [11, 28] :
Lemma 4.1. For equation (6); (ii) If (A1)and(A3) hold and τ = τ + j , then equation (6) has a pair of purely imaginary roots ±iw + . When τ = τ + j then all roots of (6) except ±iw + have negative real parts. Now, for second degree polynomial equation
we will check the following relations:
Lemma 4.2. [11, 28] For equation (7);
holds, then all the roots of (7) have negative real parts for all τ ≥ 0.
(ii) If (B1), (B2) and (B4) hold and τ = τ + j , then equation (7) has a pair of purely imaginary roots ±iw + . When τ = τ + j then all roots of (7) except ±iw + have negative real parts.
(iii) If (B1), (B2) and (B5) hold and τ = τ + j (τ = τ − j respectively) then equation (7) has a pair of purely imaginary roots ±iw + (±iw − , respectively).
,then all roots of (7) except ±iw + (±iw − , respectively) have negative real parts. (i) The equilibrium point E 0 (0, 0, 0, 0) is always exist and unstable.
(ii) The equilibrium point E 1 (k, 0, 0, 0) is stable only when µ 1 > kβ 1 .
Proof. (i) The characteristic equation for
Here, the characteristic roots are λ = α, λ = −µ 1 , λ = −µ 2 and λ = −µ 3 . The equilibrium E 0 (0, 0, 0, 0) is always unstable, since one of the characteristic roots, i.e., λ = α, of (8) is positive.
(ii)The characteristic equation for E 1 (k, 0, 0, 0) is
The characteristic roots are λ = −α, λ = kβ 1 − µ 1 , λ = −µ 2 and λ = −µ 3 . Hence, the equilibrium point E 1 (k, 0, 0, 0) is stable only when µ 1 > kβ 1 .
Theorem 4.4. For the system (1)
Proof. The characteristic equation at E 2 may be written as:
and
The one eigen value of equation (10) is λ = −(µ 2 − γP h ) and other two eigen values are ob-
clearly by Routh-Hurwitz's criteria and using the existence condition, kβ 1 > µ 1 of the equilibrium point E 2 (X 2 , P 2h , 0, 0), the roots of F 1 (λ ) = 0 are negative. Also we have
On comparing with equation (6), here r = µ 3 − η, q = −δ δ 2 P h a+P h . It is observed that (A1) is hold only when µ 3 > η + δ δ 2 P h a+P h and subsequently it will satisfy (A2) i.e. η < min{µ 3 + δ δ 2
Hence by using Lemma 4.1., the equilibrium point, E 2 (X 2 , P h2 , 0, 0), is stable only when µ 3 > η + δ δ 2
}, γP h < µ 2 and kβ 1 > µ 1 hold and unstable, otherwise . Proof. The characteristic equation at the equilibrium point E 3 may be written as:
and d 2 = η − η 1 P i − µ 3 . Now, from relations G 1 (λ ) = 0 and G(λ ) = 0, we proceed as fol-
, one eigen value of the equation (13) is negative. For remaining three eigen values, the equation G(λ ) = 0 can be written as
where, Proof. The characteristic equation of the variational matrix at E 4 may be represented as:
When τ = 0, then from equation (15) we have, i.e.,
implies that γP h < µ 2 + δ 1 N, i.e., one of the eigen value of equation (15) is negative. Also, by
Routh-Hurwitz criterion, all the roots of equation (16) Proof. The characteristic equation of the variational matrix at E * may represented as:
Case I: When τ = 0, the equation (17) reduces to
i.e.,
where Case II: If τ > 0, due to complexity and lack of tools and techniques, the transcendental equation (17) can not be solved analytically, it can be discussed numerically only in the numerical section. This completes the proof.
Sensitivity Analysis
In this section, the sensitivity analysis of the system (1) − (4) at the interior equilibrium point is carried out. The respective sensitive parameters of the state variables of the system at interior equilibrium point are given in the Table 1 , using the values of parameters: α = 0.2; k = 5; β = 0.05; β 1 = 0.1; γ = 0.3; δ = 0.01; a = 0.9; µ 1 = 0.0002; δ 1 = 0.04; µ 2 = 0.01; δ 2 = 0.3; η = 0.01; η 1 = 0.02; µ 3 = 0.001. It is clear that α, k, γ, δ , µ 1 , δ 2 , η have a positive impact on X * . Whereas the impact of remaining parameters on X * is negative. The parameters β 1 and γ are more sensitive to X * . Also α, k, β 1 , a, δ 1 , µ 2 , η 1 , µ 3 have a positive impact on P * h . The impact of other remaining parameters on P * h is negative; α and β are more sensitive to P * h . Again, the impact of α, k, β 1 , δ , δ 1 , µ 2 , δ 2 , η on P * i is positive and the impact of rest of parameters on P * i is negative. Clearly, η and η 1 are more sensitive to P * i . Now, the impact of α, k, β 1 , γ, a, η 1 , µ 3 on N * is positive and the impact of remaining parameters on N * is negative. Obviously, α is the more sensitive parameter to N * .
Numerical Simulations
Numerical simulations of the system ( 
Conclusion
Here, a plant-pest-natural enemy system with disease in pest and gestation delay for natural enemy is proposed. There are six feasible steady states and asymptotic stability of the system for τ. Finally, the normalized forward sensitivity indices are calculated for the state variables at interior equilibrium point with respect to various system parameters. Numerical simulations of the proposed system are presented by taking a particular set of parameter values to verify our analytic results.
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